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Constant time-average power density patterns and power flow direc-

tions when the exterior region is air, b/a = 2.5, and ka = 2.0.

the center conductor. At distances several wavelengths from the

center of the annular aperture, the power flow tu~s toward the

radial direction. Contours of constant power flux density appear

as dashed lines in Fig. 7. An expected null exists on the vertical

center axis due to the interaction of fields on opposite sides of

the annular ring.

The addition of higher order reflected modes has been observed

to have little effect on the input admittance. Virtually no dif-

ference is observed between the input admittance results for the

two approaches (with or without higher order interior modes)

when the exterior region is composed of fat or bone and muscle.

These are cases where, in the exterior region, the aperture size is

less than 2.5 wavelengths and the medium is lossy. As long as the

aperture size remains less than 2.5 wavelengths in the exterior

medium, the lack of an effect by the higher order modes on the

input admittance tends to support previous work [11] which relies

solely on TEM modes to determine the dielectric constant of

materials in the exterior region.
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Mathematical Expression of the Loading

Characteristics of Microwave Oscillators and

Injection-Locking Characteristics

KATSUMI FUKUMOTO, MASAMITSU NAKAJIMA, MEMBER, IEEE,

AND JUN-ICHI IKENOUE

,4b.!tract — Most of the studies concerning microwave oscillators have so

far been based on the Van der Pol oscillator model. However, this model is

too simple to obtakr good agreement between observation and theory. Our

previous paper proposed a new mathematical model which describes the

loading characteristics of oscillators more accurately than the Van der Pol

model does. In this paper, we have investigated injection-locked microwave

oscillators using the mathematical model to find out the relation between

the loading and injection-locking characteristics.

I. INTRODUCTION

Many researchers have studied the loading characteristics and

locking phenomena of oscillators in the low-frequency region, in

which an oscillator circuit can be treated as a lumped-constant

circuit [1]. In the microwave region, however, an oscillator circuit

should be treated as a distributed-constant circuit. Although

there is no essential difference in the oscillation phenomena

between the two frequehcy regions [2], the characteristics of the

oscillators appear to be different between the two regions. This is

mainly because, in the case of injection-locking phenomena, the

input and output signals are measured in terms of voltage or

current in the low-frequency region, while in the microwave

region, they are measured in terms of traveling waves. The

differential equations which describe the relation between the

input and output signals should be practically different between

the two regions. However, when the magnitude of the input signaf

is small, the differential equations which describe the phase

relation happen to be of the same form [3]. Distinction becomes

apparent when the input signal is large, the differential equations

assuming different forms. Obviously, it may be reasonable to

treat microwave oscillators in terms of traveling waves.

In this paper, we will analyze large-signal injection-locking

phenomena using the extended oscillator model with the concept

of traveling waves. We will find out the relationship between the

loading characteristics and the injection-locking characteristics of

oscillators. This will give us an estimate of the validity of the

numericaf expression of oscillator characteristics, and the useful-

ness of the, oscillator model will be demonstrated.

The theory is confirmed to be in good agreement with experi-

ment.
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Fig, 1. Injection-lockmg of a microwave oscdlator

II. ANALYSIS OF INJECTION-LOCKING CHARACTERISTICS

IN TERMS OF TRAVELING WAVES

A. Locking Equation

The oscillator admittance is given by a polynomial function of

frequency and voltage [4]

Y(jU,l V12)=~+ YO.Ati+~,.lV\2 +Ym2. Aa2 (1)

where

~,=– GO+jBO, Ym=GU+jBW,

~, = G,, + jB,,, Yu~ = Gtiz + jB.z

A&l =@-@. (2)

and tio is the free-running angular frequency.

With the admittance (l), the equation describing the voltage

phase and amplitude behavior of an oscillator is written [3]

Z={ Y(ja,lVlz) +~ti. d/dl}V (3)

where ~m = dY/d(jO).

In the case of the free-running steady state (d/di = 0) where

the oscillator is connected (as shown in Fig. 1) to a transmission

line (characteristic admittance YO) with no signal injected, (3)

becomes

Y(jco0,1~12) =I/V= -~. (4)

From this equation, the free-running voltage amplitude 1~ I and

frequency 00 is determined.

Let the deviation of amplitude from the free-running steady-

state value be

AIvl=lv[–1~1. (5)

We expand Y( jw, IV12) in a Taylor series in the neighborhood

of the free-running state, and neglect higher order terms

Y(jti, /V12)=- YO+~@O.jAti +~VOl.AIVl (6)

where use is made of (4).

The emanating wave a and the incident wave b

a = Ia]exp(ja), b= lblexp(j~) (7)

are related to the voltage ~ and 1 of the oscillator by the

definition

V=(b+a)/fi, I=(b–a)fi. (8)

Substituting (3) and (8) into (6), we have the relation between a

and b [3]. By solving it, we find the output power Iti 12 as a

function of the input power I&12 into the oscillator, where 2 and

? are normalized to the emanating wave amplitude Iao 1= fil ~ I

in the free-running state.

B. Stability Criterion

Substituting (8) into (3), and solving for da/dt, we obtain [3]

F=~={(b –a). ~+(b+a). Y(jm,lVlz)}/~m. (9)

From Routh-Hurwitz’ criterion, we get the following stability

condition (Appendix I):

Re( i3F/t7a) <0

ldF/da12 > \dF/8a*12. (lo)

Therefore, the stability condition of the stationary state is ob-

tained as

Re[~~{~+fi/~l(b +ii).~+ ~(2~/(~+ti-1)}] >0

(11)

lT+zfilhl(~ +a)+q(2L/(t+a)-1)1

> [Yd*filvo/(8+ 6)1. (12)

III. RELATION BETWEEN ~ErE OSCILLATOR ADMITTANCE

AND THE INJECTION-LOCKING CHARACTERISTICS

Now we investigate the effects of the coefficients of (1) on the

injection-locking characteristics. We refer to the Van der Pol

oscillator model, the case where ~, = – GO( < 0), Y. = jBti, ~, =

G,,, and Yoz = O are satisfied, and we regard it as a reference

model for the analysis that follows. In passing, the maximum

output power of the Van der Pol oscillator is given by ~~,~ =

G;/4GL, [4].

A. Injection-Locking Characteristics of the Van der Pol Oscillator

Fig. 2 shows the injection-locking characteristics of the Van der

Pol oscillator. The oscillator used in the experiment produces the

maximum output power when the load admittance is chosen as

GO = 2.36 YO. Since GO> 2 YO holds, the oscillator is loosely con-

nected to a transmission line YO so that the oscillator output

power decreases monotonically as the injection signal increases in

amplitude.

For the sake of numericaf evaluation in what follows, we

introduce the normalization as

Y(Jti,lV12)/~=t(jx,lfi12)

=y,+f@x+~,[fil~+?02x~

a—lo.
8=—

~o B.
~o ‘

Q=—

2% ‘

x=28Q, Ii\’ = lv12//~,l’

IK,12 = Go/GL,” Z tz=yl/yo,

Fw=Ya. uo/20Yo ~,=y,/~J*/~,

io2=Y.2. cJ; /4@Yo, } = la12/Pmzy.

(13)

B. The Effect of the Coefficient Gu

When the coefficient G. is added to the Van der Pol oscillator,

it makes the amplitude characteristics of synchronization asym-

metric with respect to frequency. The same is true for equi-power

loci on the Rieke diagram. The effect becomes noticeable for

l~ti I >0.3. This is because Go makes the negative resistance an

odd function with respect to frequency deviation.
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Fig. 2. Injection-locking characteristics of Van der Pol’s oscillator. (Parame-

ters: IL12; ($0 = 2.36, GU = 1.18, B@ = 1.) (a) Amplitude characteristics. (b)

Phase characteristics.

C. The Effect of the Coefficient B“

The effect of the coefficient B“ on the Rieke diagram is to

bend the equi-frequency loci. As to the injection-locking char-

acteristics, B,, is closely related to the phase difference between

the incident wave b and the emanating wave a. Even for a

small-signal injection at the free-running frequency LOO,@= a – ~

is not equal to zero, as in the case of the Van der Pol oscillator.

For an oscillator with parameters of do = 2.36, GO= 1.18, ~0 =

– 2.16, SO = 1, B,, = 1.83, the phases for input powers of l~lz = 0.1,

0.25, and 0.5 are $ = – 74°, – 82°, and – 92°, respectively,

because of the effect of B,,. But in Fig. 3(b), all loci are drawn to

pass through the origin for convenience of comparison with the

experiment.

When Ib12 -+ O, ~ is given by (see Appendix II)

4= –8= -arctan(B,)/Gu). (14)

D. The Effect of the Coefficient G02( > O)

Normally, the coefficient Gtiz is positive. G.z makes the

injection-locking frequency range narrower, because the absolute

value of negative conductance decreases as the frequency deviates

from the free-running frequency. Generally speaking, the value of

GQ~ is 0.0- 0.4 for electronic-tube oscillators, and 0.0- 0.1 for

semiconductor oscillators. If da* <0.5, we do not find so re-

markable an effect on the injection-locking characteristics.

E. The Effect of the Coefficient Btil

The coefficient B02 changes the intervals between equi-

frequency loci on the Rieke diagram. As 18021becomes larger, the

injection-locking frequency range becomes narrower asymmetri-

cally.
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Fig. 3. ~ Injection-lo$cing ~haracteristics with Bu added. ( 60 = 2.36, ~. =

1.18, B. = – 2.16, B@ =1, BO = 1,83.) (a) Amplitude characteristics. (b) Phase

characteristics.

-15

Fig. 4. Measured Rieke diagram of the Gmm oscillator 10GMO81.

IV. EXAMPLE

As an example, we investigated the injection-locking phenom-

ena of the Gunn oscillator 10GMO81 (free-running frequency

f.= 8848 Mfi). From the Rieke diagram of Fig. 4, the coeffi-
cients of (13) are determined as [4]

~cl = 2.36, ~a = –0.00267, ~U =1.18, $02 = 0.0258

& = –1.078, Bti =1, Bu = 0.916, B@2= 0.0264

where the normalization factors are YO= 0.002 [S], G,, = 0.735x

10--4 [S/V2], and B. = 0.206X 10L 3/2m[ SjM-Hzl”= 0.328 X

10-4 [S/MHZ]. From the consideration of the previous results,

we can neglect the coefficients Gti, GU2, and Bm2 so as to

simplify the equation. Using those coefficients, we have repro-

duced the Rieke diagram of Fig. 5. Comparing Fig. 4 with Fig. 5,

we see that the mathematical expression of the oscillator char-

acteristics is fairly satisfactory. Fig. 6 shows the injection-locking

characteristics of the Gunn oscillator 10GMO81. Using the values
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Fig. 5 Reproduced Rieke diagr~, (G. = 2,36, ~u = 1.18, &o = – 1.078, ~e =

1, B. = O 916.)
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Fig. 6. Measured inJectlon-locking characteristics of the Gunn oscillator

10GMO81. (a) Amplitude characteristics (b) Phase characteristics.

(~,, B,,, and ~,) which are determined from the Rieke diagram,

we can predict the injection-locking characteristics, as is shown in

Fig. 7. The computed result of Fig. 7 is in good agreement with

the measured characteristics of Fig. 6. In Fig. 7, the phase

differences due to the effect of B,, corresponding to ]}12 = 0.1,

0.25, and 0.5 are @= – 50°, – 58°, and – 68°, respectively. All

loci are, however, drawn to go through the origin for easy

comparison with the experiment. When 1~ 12-0, @= – 38° from

(14).

If we employ the Van der Pol oscillator model, the amplitude

characteristics are always symmetric with respect to frequency,

and calculated values do not agree as well with the experiment.

V. CONCLUSION

In this paper, we investigated the relationship between the

loading and the injection-locking characteristics of microwave

oscillators by making use of (l). A close agreement between

2
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--- so”
0.1 025
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Fig. 7. Repro~uced mje~tlon-lockipg characterqtics of - the Gunn oscillator

10GMO81. (G. = 2.36, G,, = 118, B.= – 1.078, B,, = 1, B,,= 0.916.) (a) Am-

plitude charac~eristics. (bl Phase characteristics. - ‘

AppENDIX

A. Stability Criterion

Let us consider an equation expressed as

dz
~= F(z, z*), Z=x(t)+jy(t).

We obtain the variational equation

d8x
—-=gsx+$sy

dt

d8y
—=~8x+%.y

dt l?y

(Al)

(A2)

where ~ = Re{F’(z, z*)}, ~ = Im{F(z, z*)}, and the superscript

* denotes the complex conjugate. We have an eigenvalue equa-

tion for the variational equation

From Routh–Hurwitz’ criterion, we get the stability condition

Noting the relation

(A4)

(A5)

aF az aF az* aF aF
—=z=+=w=g+ —
ax az+

(A6)

aF a.2 aF aF
—= ——+===j~– j—
ay ay az ay az* az*

(Al)
observed and calculated results was obtained.
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we can rewrite (A4)

%+g=(%+%)+’(%-%)

and (A5)

a~jax
aqlax

aF ~ aF* .2Re~F.— —
az 8Z* az

(A8)

waz 8Fr/az – aF,/az*
= Zj

a~jaz a~jaz – a~/az*

aF/6’z 8F/az”
=–2

a~iaz a~/8z*

aF/az aF/az*——
aF*/az aF*/az* “

From the above results, the concise expression

criterion (10) is deduced.

(A9)

for stability

B. The Relation between the Coefficient Bu and the Locked Phase

Dl~ference 6

Let the oscillator admittance be given by

Y( jo,lV12) =~, + jB@A~ +~lV12 (A1O)

and let us derive the microwave injection-locking equation.

In the case of a small signal Ibl, we obtain from (3)-(5) and (8)

[3]

[

TVol 1—{ Alal+ lblcos(~-a)}+~ti.( jAto+d/dt) a=2~. b.

G

(All)

If the oscillator is adjusted to produce the maximum output

power at the free-running state (GO= 2), the real part of (All)

becomes zero [3]. Noting that a- 1 da/dt = lal-ldlal/dt +

jda/dt, the imaginary part gives

(A12)

where

d = arctan( BU/GU)

C. Geometrical Meaning of the Locking Phase Difference

6 = arctan(Bu/G,,)

We assume that the oscillator admittance is given by (A1O) and

that the oscillator is adjusted to generate the maximum output

power in the free-running state (GO =2%). When a load YL = GL

+ jB1, is connected to the oscillator, we have

Y(ju,jV12)+Y~ =0. - (A13)

If the load is matched to the transmission line ( YL = YO), the

above equation becomes identical to (4).

‘f:&t...,
J2!J
\w zero line

p=l

\

Fig. 8. Geometrical meaning of the injection-locking’ phase-difference O on

the Rieke diagram.

(taufl = BU/GU = - ,S, when GO = 2~.)

We denote the normalized susceptance by S, on which the

locus Au= O crosses the zero conductance locus (peripheral

circle). Noting that YL = jSYO, (A13) becomes

Y( j~0,1V112)+ jSYO=O. (A14)

Eliminating BO, IVOI*, and IVI I* from (4) and (A14), we obtain

tan8=Bu/Go =-S.

By the principle of conformal mapping, O is equal to the angle

between the locus of A~ = O and the zero-susceptance line at the

point of the matched load (YL = YO), as is shown in Fig. 8.
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Compression Ratios

J. Y. L. MA

Ab.rtract — Because of the high magnetic compression ratio required,

electrons in the Sydney University trmahle gyrotron undergo multiple

reflections before entering the resonant cavity. This results in unstable and
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